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,QWHUQDWLRQDO 6\PSRVLXP RQ 5RERWLFV DQG ,QWHOOLJHQW 6HQVRUV  ,5,6 
7LSRYHU SUHGLFWLRQ IRU RPQLGLUHFWLRQDO PRELOH URERW
0 -XKDLUL $]L] 6DIDU∗ .HLJR :DWDQDEH 6KRLFKL 0DH\DPD DQG ,VDNX 1DJDL
'HSDUWPHQW RI ,QWHOOLJHQW 0HFKDQLFDO 6\VWHPV 'LYLVLRQ RI ,QGXVWULDO ,QQRYDWLRQ 6FLHQFHV
*UDGXDWH 6FKRRO RI 1DWXUDO 6FLHQFH DQG 7HFKQRORJ\ 2ND\DPD 8QLYHUVLW\
 7VXVKLPDQDND .LWDNX 2ND\DPD  -DSDQ
$EVWUDFW
7KLV SDSHU SURSRVHV D KRORQRPLF RPQLGLUHFWLRQDO PRELOH URERW ZLWK DFWLYH GXDOZKHHO FDVWHU DVVHPEOLHV DV D URERWLF WUDQVSRUW
YHKLFOH :LWK FRQFHUQ WR WKH VXGGHQ G\QDPLF FKDQJHV GXULQJ PDQHXYHU WKH WLSRYHU VWDELOLW\ PRQLWRULQJ LV YHU\ LPSRUWDQW 7KLV
ZRUN SUHVHQWV WKH HVWLPDWLRQ WHFKQLTXH RI WKH WLSRYHU GLUHFWLRQ DQG WKH VWDELOLW\ PHDVXUHPHQW 7KH G\QDPLFDO PRGHO RI WKH RP
QLGLUHFWLRQDO PRELOH URERW LV GHULYHG WR HVWLPDWH WKH QHW IRUFH IURP WKH VXSSRUWLQJ UHDFWLRQ IRUFH DW HDFK ZKHHO ZKLFK LV FDXVHG E\
WKH LQHUWLDO DQG H[WHUQDO IRUFHV 7KH GLUHFWLRQ RI WLSSLQJ DQG WKH VWDELOLW\ PHWULF LV HVWLPDWHG XVLQJ WKH IRUFHDQJOH VWDELOLW\ PHD
VXUH )$60 7KH SHUIRUPDQFH RI WKH WLSRYHU SUHGLFWLRQ IRU DQ RPQLGLUHFWLRQDO PRELOH URERW ZLWK DFWLYH GXDOZKHHO DVVHPEOLHV LV
VKRZQ E\ WKH FRQGXFWHG VLPXODWLRQV
  7KH $XWKRUV 3XEOLVKHG E\ (OVHYLHU /WG 6HOHFWLRQ DQGRU SHHUUHYLHZ XQGHU UHVSRQVLELOLW\ RI WKH &HQWUH RI +XPDQRLG
5RERWV DQG %LR6HQVRU +X5R%V )DFXOW\ RI 0HFKDQLFDO (QJLQHHULQJ 8QLYHUVLWL 7HNQRORJL 0$5$
.H\ZRUGV 7LSRYHU 5ROORYHU 6WDELOLW\ 2PQLGLUHFWLRQDO PRELOH URERW $FWLYH GXDOZKHHO FDVWHU
1RPHQFODWXUH
Ma PDVV RI WKH GULYHU VHDW DQG PRELOH SODWIRUP LH WKH WRWDO PDVV RI XSSHU YHKLFOH NJ
mi PDVV RI WKH iWK DFWLYH GXDOZKHHO FDVWHU $':& NJ
Li GLVWDQFH EHWZHHQ WKH iWK VWHHULQJ D[LV DQG WKH &R* RI WKH PDVV Ma P
Ni QRUPDO IRUFHV DFWLQJ RQ WKH VWHHULQJ D[LV 1
hMa KHLJKW RI WKH &R* RI WKH PDVV Ma P
hsi KHLJKW RI WKH VWHHULQJ D[LV P
hmi KHLJKW RI WKH &R* RI WKH iWK $':& P
si RIIVHW GLVWDQFH EHWZHHQ WKH D[OH DQG WKH VWHHULQJ D[LV RI WKH $':& P
s f i RIIVHW GLVWDQFH EHWZHHQ WKH IURQW ZKHHO DQG WKH VWHHULQJ D[LV RI WKH $':& P
sgi RIIVHW GLVWDQFH EHWZHHQ WKH &R* DQG WKH VWHHULQJ D[LV RI WKH $':& P
di GLVWDQFH EHWZHHQ WKH ZKHHO DQG &R* RI WKH $':& P
x¨v, y¨v DFFHOHUDWLRQV DW WKH &R* RI WKH PDVV Ma LQ Σv PV−2
x¨, y¨ DFFHOHUDWLRQV DW WKH &R* RI WKH PDVV Ma LQ Σw PV−2
x¨gi, y¨gi DFFHOHUDWLRQV DW WKH &R* RI WKH iWK $':& PV−2
g JUDYLWDWLRQDO DFFHOHUDWLRQ PV−2
∗ &RUUHVSRQGLQJ DXWKRU 7HO 	 )D[ 
(PDLO DGGUHVV MXKDLUL#XVPV\VRND\DPDXDFMS
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fxi, fyi IRUFH DFWLQJ RQ WKH VWHHULQJ D[LV LQ Σw 1
i fxi, i fyi IRUFH DFWLQJ RQ WKH VWHHULQJ D[LV LQ Σi 1
fxri, fxli GULYLQJ IRUFHV RI WKH ZKHHO 1
fyri, fyli VLGHZD\ IRUFHV RI WKH ZKHHO 1
fzri, fzli QRUPDO IRUFHV RI WKH ZKHHO 1
I PRPHQW RI LQHUWLD RI WKH XSSHU SDUW RI WKH YHKLFOH NJP2
 ,QWURGXFWLRQ
7KH VWDELOLW\ RI D YHKLFOH RU PRELOH URERW EHFRPHV FUXFLDO HVSHFLDOO\ ZKHQ ZRUNLQJ LQ WKH HQYLURQPHQW ZLWK WKH
H[LVWHQFH RI KXPDQ ,Q PRVW FDVHV WKH IDLOXUH LQ WKH LQVWDELOLW\ PDQDJHPHQW QRW RQO\ FDXVHV SURSHUW\ GDPDJH EXW
DOVR PDMRU LQMXULHV WR WKH KXPDQ 7KH H[LVWLQJ VWXG\ UHODWHG WR WKH VWDELOLW\ IRU JURXQG YHKLFOH PRVWO\ IRFXVHG RQ WKH
FRQYHQWLRQDO URDG YHKLFOH ZKHWKHU ZLWK D IRXUZKHHOHG DUUDQJHPHQW RU WUDLOHUV 7KH UROORYHU RFFXUUHQFH LV HVWLPDWHG
XVLQJ WKH VWDQGDUG VWDWLF VWDELOLW\ IDFWRU 66) DQG SUHYHQWHG WKURXJK WKH LPSOHPHQWDWLRQ RI ODWHUDO G\QDPLFV FRQWURO
>@ 7KHVH FRQYHQWLRQDO URDG YHKLFOHV WHQG WR WLSRYHU RU UROORYHU PRUH LQ WKH ODWHUDO GLUHFWLRQ FRPSDUHG ZLWK WKH
ORQJLWXGLQDO GLUHFWLRQ :KLOH LQ PRELOH URERWLFV VRPH RWKHU VWDELOLW\ PHWULFV KDYH EHHQ LQWURGXFHG >  @
7KH JHQHUDO LGHD RI PDLQWDLQLQJ VWDELOLW\ LV WR PDLQWDLQ WKH FHQWHU RI JUDYLW\ &R* LQVLGH WKH VXSSRUW SRO\JRQ
7KH WLSRYHU D[LV DQG LWV GLUHFWLRQ FDQ EH HVWLPDWHG E\ ILQGLQJ WKH VKRUWHVW GLVWDQFH IURP WKH &R* WR WKH ERXQGDU\ RI
WKH VXSSRUW SRO\JRQ di 7KLV YDOXH LV UHSUHVHQWHG E\ WKH VWDELOLW\ PDUJLQ S S M = PLQ(d1,d2, ....,dn) +RZHYHU WKLV
DSSURDFK LV QRW VHQVLWLYH WR WKH FKDQJHV RI &R* KHLJKW DQG RWKHU G\QDPLFV HIIHFWV ,Q UHDOLW\ WKH G\QDPLF HIIHFWV IURP
KLJK VSHHG RSHUDWLRQ VXGGHQ DFFHOHUDWLRQ RU GHFHOHUDWLRQ EUDNLQJ H[LVW DQG LW LV SRVVLEOH WR FDXVH WKH PRELOH URERW
WR WLSRYHU ,Q DGGLWLRQ WKH H[LVWLQJ VWXG\ PRVWO\ IRFXVHG RQ PRELOH URERWV ZLWK D VWDWLF VXSSRUW SRO\JRQ :KLOH
WKH VWXG\ UHODWHG WR WKH G\QDPLF VXSSRUW SRO\JRQ LV UHVWULFWHG WR WKH PXOWLOHJJHG URERWV DQG FRQFHQWUDWHG WR WKH JDLW
SODQQLQJ IRU VWDWLFDOO\ VWDEOH ZDONLQJ RQO\
7KHUHIRUH LQ WKLV SDSHU ZH SUHVHQW D PRGHO RI D G\QDPLF VXSSRUW SRO\JRQ V\VWHP RI WKH KRORQRPLF RPQLGLUHFWLRQDO
PRELOH URERW ZLWK DFWLYH GXDOZKHHO FDVWHU $':& DVVHPEOLHV 7KH VWXG\ DOVR FRQVLGHU WKH LQIOXHQFH RI VWDWLF DQG
G\QDPLF HIIHFWV WR WKH WLSRYHU VWDELOLW\ +HUH WKH WLSRYHU SUHGLFWLRQ PHWKRG LV GLVFXVVHG EDVHG RQ WKH HVWLPDWLRQ RI
VXSSRUW IRUFHV DQG IRUFHDQJOH VWDELOLW\ PHDVXUH )$60 >@
 +RORQRPLF 2PQLGLUHFWLRQDO 0RELOH 5RERW
7KH PRGHO RI WKH PRELOH URERW XVHG LQ WKLV UHVHDUFK LV D KRORQRPLF RPQLGLUHFWLRQDO PRELOH URERW ZLWK $':&
DVVHPEOLHV DV VKRZQ LQ )LJ D $ FRXSOH RI $':& DVVHPEOLHV DUH DUUDQJHG LQ D ORQJLWXGLQDO GLUHFWLRQ RI WKH
PRELOH URERW (DFK FDVWHU FDQ JHQHUDWH D WZR GHJUHH RI IUHHGRP '2) YHORFLW\ LQ WKH IRUZDUG GLUHFWLRQ XiD[LV
DQG VLGHZD\ GLUHFWLRQ YiD[LV RI WKH SDVVLYH VWHHULQJ D[LV ZKLFK LV FDXVHG E\ WKH GLIIHUHQFHV LQ DQJXODU YHORFLW\ RI
WKH ULJKW DQG OHIW ZKHHOV 7KH H[LVWHQFH RI WKHVH YHORFLWLHV LQGXFHV D KRORQRPLF PRWLRQ WR WKH FHQWHU RI WKH PRELOH
URERW Ov ZKHUH WKH YHORFLW\ LQ XwD[LV GLUHFWLRQ x˙ YHORFLW\ LQ YwD[LV GLUHFWLRQ y˙ DQG WKH LQVWDQWDQHRXV URWDWLRQ φ
ZHUH SURGXFHG +HUH WKH XSSHU SDUW RI WKH YHKLFOH LV SDVVLYHO\ VWHHUHG E\ WKH $':&V WR DQ\ GLUHFWLRQ DFFRUGLQJ WR
WKH UHTXLUHG GULYLQJ WUDMHFWRU\ DQG YHORFLWLHV
:LWK WKH DVVXPSWLRQ RI D XQLIRUP WUDMHFWRU\ SODQH WKLV PRELOH URERW KDV VL[ JURXQG FRQWDFW SRLQWV DOO WKH WLPH DV
ORQJ DV LQ D VWDEOH VWDWH 7KH RXWHUPRVW JURXQG FRQWDFW SRLQWV IRUP D FRQYH[ VXSSRUW SRO\JRQ ZKLFK FRQVLVWV RI IRXU
WR VL[ HGJHV GHSHQGLQJ RQ WKH FXUUHQW RULHQWDWLRQ RI ERWK $':&V $V UHIHUUHG WR WKH H[DPSOH DV VKRZQ LQ )LJ E
WKH VKDSH RI WKH VXSSRUW SRO\JRQ ZLOO FKDQJH DFFRUGLQJ WR WKH JLYHQ WUDMHFWRU\ DQG PRWLRQ 7KH VXSSRUW SDWWHUQ FDQ EH
GHVFULEHG E\ WKH FRQYH[ KXOO VROXWLRQ RI N SRLQWV p1, p2, ...., pN ZKHUH WKH FRQYH[ KXOOCH LV JLYHQ E\ WKH H[SUHVVLRQ
CH 
⎧⎪⎪⎪⎨⎪⎪⎪⎩
N∑
j=1
λ j p j : λ j ≥ 0 IRU DOO j DQG
N∑
j=1
λ j = 1
⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
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D .LQHPDWLFV PRGHO E 6XSSRUW SRO\JRQ
)LJ  2PQLGLUHFWLRQDO PRELOH URERW ZLWK DFWLYH GXDOZKHHO FDVWHU DVVHPEOLHV
 '\QDPLFDO 0RGHO
7KH JRDO RI WKLV VHFWLRQ LV WR GHULYH D UHODWLRQVKLS EHWZHHQ WKH G\QDPLFV RI RPQLGLUHFWLRQDO PRELOH URERW DQG WKH
QRUPDO IRUFHV DFWLQJ RQ HDFK ZKHHO ,Q RUGHU WR GHULYH WKLV UHODWLRQVKLS ZH ZLOO PDNH WKH IROORZLQJ DVVXPSWLRQV
 WKH PRELOH URERW FDQ RSHUDWH LQ RPQLGLUHFWLRQDO GLUHFWLRQ ZLWK WKH KRORQRPLF PRWLRQ RI [x˙ y˙ φ˙]  WKH PRELOH
URERW LV NHSW LQ D VWDELOL]LQJ FRQGLWLRQ LQ YHUWLFDO GLUHFWLRQ DQG PDLQWDLQV WKH HTXLOLEULXP RI PRPHQWV DURXQG x DQG
yGLUHFWLRQ DQG  RWKHU IRUFH VXFK DV GUDJ IRUFH LV QHJOHFWHG DQG WKH PRELOH URERW LV DVVXPHG WR ZRUN RQ D SODQH
JURXQG
)LJ  '\QDPLFDO PRGHO RI XSSHU SDUW RI WKH YHKLFOH )LJ  '\QDPLFDO PRGHO RI $':&
/HW XV FRQVLGHU WKH G\QDPLFDO PRGHO DV VKRZQ LQ )LJ  DQG )LJ  DV RXU UHIHUHQFH :H DVVXPHG WKDW WKH XSSHU
SDUW RI WKH YHKLFOH LQFOXGHV WKH VHDW SDVVHQJHU DQG WKH PRELOH SODWIRUP DV D VLQJOH PDVV Ma 6ROYLQJ WKH 1HZWRQLDQ
HTXDWLRQV DQG PRPHQWV IURP )LJ  \LHOGV
fzri = 12sci Hai+
1
2di
Hbi+ 12sci Hci 
fzli = 12sci Hai− 12di Hbi+ 12sci Hci 
fz f i = − 1sci Hai+ 1sci Hdi 
ZKHUH
Hai = i fxhci+mix¨gihmi, Hbi = i fyhci+miy¨gihmi, Hci = migsbi−Nis f i,
Hdi = migsai−Nisi, sci = si+ s f i, hci = 2hmi−hsi,
N1 = 1L (MagL2−Max¨vha), N2 = 1L (MagL1+Max¨vha).
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+HUH WKH N1 DQG N2 YDOXHV ZHUH REWDLQHG IURP WKH 1HZWRQLDQ VROXWLRQ RI )LJ  %\ GHILQLQJ x¨v = [x¨v y¨v φ¨v]T DQG
x¨ = [x¨ y¨ φ¨]T  WKH UHODWLRQVKLS EHWZHHQ x¨v DQG x¨ FDQ EH H[SUHVVHG E\
x¨v = wTTv x¨ 
ZKHUH wTTv LV WKH RUWKRJRQDO PDWUL[ RI WKH IROORZLQJ URWDWLRQ PDWUL[
wTv =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
cosφi −sinφi 0
sinφi cosφi 0
0 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ .
7KHUHIRUH GHILQLQJ f zi = [ fzri fzli fz f i]T  i f = [i fx i fy]T  i x¨gi = [x¨gi φ¨i]T DQG UHSODFLQJ y¨gi ZLWK WKH WLPH GHULYDWLYH RI
WKH QRQKRORQRPLF FRQVWUDLQW y¨gi = saiφ¨i (TV − FDQ EH LQWURGXFHG LQWR PDWUL[ HTXDWLRQ E\
f zi = Ai
i f +Biixgi+CiwTTv x¨+ Di 
ZKHUH
Ai =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
hci
2sci
hci
2di
hci
2sci
− hci2di
− 1sci 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,Bi = mihmi
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
2sci
sai
2di
1
2sci
− sai2di
− 1sci 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,C1 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
s f1
2 c1 0 0
s f1
2 c1 0 0
s1c1 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,C2 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
− s f22 c2 0 0
− s f22 c2 0 0
−s2c2 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
ci =
Maha
sciL
,D1 = g
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m1 sb1
2sc1
− s f1MaL22sc1L
m1 sb1
2sc1
− s f1MaL22sc1L
m1 sa1
sc1
− s1MaL2sc1L
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,D2 = g
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m2 sb2
2sc2
− s f2MaL12sc2L
m2 sb2
2sc2
− s f2MaL12sc2L
m2 sa2
sc2
− s2MaL1sc2L
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
7KHQ LQWURGXFLQJ WKH FRRUGLQDWH WUDQVIRUPDWLRQ PDWUL[ IURP Σi WR Σw DV wTi GHILQLQJ WKH QRUPDO IRUFH YHFWRU f z =
[ fTz1 f
T
z2]
T IRU WKH ZKHHO DQG VHWWLQJ f = [ fT1 f
T
2 ]
T DQG x¨g = [1 x¨Tg1
2 x¨Tg2]
T JLYHV
f z = Af +Bx¨g+Cx¨+ D 
ZKHUH
A =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
A1wTT1 03×2
03×2 A2wTT2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ ,
wTi =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
cosφi −sinφi
sinφi cosφi
⎤⎥⎥⎥⎥⎥⎥⎥⎦ ,B =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
B1 03×2
03×2 B2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ ,C =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
C1wTv
C2wTv
⎤⎥⎥⎥⎥⎥⎥⎥⎦ ,D =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
D1
D2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ .
5HSODFLQJ f ZLWK WKH LQYHUVH HTXDWLRQ RI WKH G\QDPLF SURSHUW\ IRU WKH RPQLGLUHFWLRQDO PRELOH URERW f = E∗Mx¨ LW
SURGXFHV
f z = AE
∗Mx¨+Bx¨g+Cx¨+ D 
ZKHUH
M = GLDJ(Ma,Ma, I),
E∗ = 1
L
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
L2 +αcc(φ) αsc(φ) −sinφ
αsc(φ) L2 +αss(φ) cosφ
L1 −αcc(φ) −αsc(φ) sinφ
−αsc(φ) L1 −αss(φ) −cosφ
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
αss(φ) = 12 (L1 −L2)sin2 φ, αsc(φ) = 12 (L1 −L2)sinφcosφ, αcc(φ) = 12 (L1 −L2)cos2 φ.
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/HWWLQJ xa = [xT1 x
T
2 ]
T WKH IROORZLQJ HTXDWLRQ LV VDWLVILHG
x˙g = Fx˙a 
ZKHUH
F =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
F1 02×2
02×2 F2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ , Fi =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
cosφi sinφi
− 1si sinφi 1si cosφi
⎤⎥⎥⎥⎥⎥⎥⎥⎦ .
0RUHRYHU WKH LQYHUVH NLQHPDWLFV HTXDWLRQ >@ FDQ EH UHSUHVHQWHG E\
x˙a = G∗ x˙ 
ZKHUH
G∗ =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 −L1 sinφ
0 1 L1 cosφ
1 0 L2 sinφ
0 1 −L2 cosφ
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
7KHQ FRPELQLQJ (T  DQG (T  JLYHV
x˙g = FG∗ x˙ 
+HQFH GLIIHUHQWLDWLQJ (T  ZLWK UHVSHFW WR WLPH ZH REWDLQ
x¨g = (F˙G∗+FG˙∗)x˙+FG∗ x¨ 
,QVHUWLQJ (T  LQWR (T  DQG UHDUUDQJLQJ WKH HTXDWLRQ \LHOGV
f z = K
′ x˙+K′′ x¨+ D 
ZKHUH
K′ = B(F˙G∗+FG˙∗), K′′ = AE∗M+BFG∗+C.
 6WDELOLW\ 0HDVXUHPHQW
,Q RXU SUHYLRXV SDSHU >@ ZH DSSO\ WKH PRPHQWV VWDELOLW\ PHDVXUH 060 WR HYDOXDWH WKH SRVVLEOH WLSSLQJ D[LV
+RZHYHU WKH060 WHFKQLTXH LV RQO\ IRFXVHG RQ WKH VXSSRUWLQJ IRUFH SODQH ZLWKRXW FRQVLGHULQJ WKH HIIHFW RQ WKH FHQWHU
RI PDVV &R0 ,Q WKH UHDO VLWXDWLRQ WKH SRVLWLRQ RI WKH RYHUDOO &R0 V\VWHP ZLOO FKDQJH DFFRUGLQJ WR WKH $':& SRVH
7KHUHIRUH WKH IRUFHDQJOH VWDELOLW\ PHDVXUH )$60 ZKLFK LV VHQVLWLYH WR WKRVH FKDQJHV LV LPSOHPHQWHG LQWR FXUUHQW
WLSRYHU SUHGLFWLRQ V\VWHP 7KH SULQFLSOH RI )$60 FDQ EH GHVFULEHG E\ WKH PRGHO DV VKRZQ LQ )LJ D 7KH )$60
YDOXH FDQ EH UHSUHVHQWHG E\
β =min
i
(θi· ‖ di ‖ · ‖ f ri ‖) i = (1, . . . ,n). 
+HUH WKH SRVLWLYH PDJQLWXGH RI β LQGLFDWHV WKH WLSRYHU VWDELOLW\ PDUJLQ RI D VWDEOH V\VWHP &ULWLFDO WLSRYHU VWDELOLW\
FRQGLWLRQ RFFXUV ZKHQ RQH RI WKH FRPSRQHQWV EHFRPHV ]HUR ZKHUH WKH WLSRYHU VWDELOLW\ PDUJLQ β = 0 7KH f ri LV WKH
QHW IRUFH WKDW ZRUNV SHUSHQGLFXODU WR WKH FDQGLGDWH RI WKH WLSRYHU D[LV DV VKRZQ LQ )LJ D +HUH WKH QHW IRUFH f r
FDQ EH REWDLQHG IURP WKH G\QDPLF HTXLOLEULXP RI IRUFHV IRU RYHUDOO V\VWHP XVLQJ WKH 1HZWRQLDQ SULQFLSOHV E\
f r = Σ f grav+Σ f dist −Σ f inertial
= −Σ f support 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D )RUFHDQJOH 6WDELOLW\ 0HDVXUHPHQW )$60 E 7LSRYHU DQJOH α
)LJ  7LSRYHU VWDELOLW\ PHDVXUHPHQW
ZKHUH f grav DUH WKH JUDYLWDWLRQDO ORDGV f dist DUH WKH H[WHUQDO GLVWXUEDQFH IRUFHV f inertial DUH WKH LQHUWLDO IRUFHV DQG
f support DUH WKH VXSSRUWLQJ UHDFWLRQ IRUFHV ,Q WKH FDVH RI DQ\ VWDWLF FRQGLWLRQ f support LV HTXDO WR WKH JURXQG UHDFWLRQ
IRUFHV FDXVHG E\ WKH JUDYLWDWLRQDO IRUFH RQO\ ,Q RXU DSSURDFK WKH f r YDOXH DQG LWV ORFDWLRQ DUH HVWLPDWHG EDVHG RQ WKH
zFRPSRQHQW RI WKH f support f z ZKLFK LV GHULYHG LQ WKH SUHYLRXV VHFWLRQ 7KH HVWLPDWHG WLSRYHU GLUHFWLRQ LV GHVFULEHG
E\ WKH WLSRYHU DQJOH α DV VKRZQ LQ )LJ E 7KH SRVLWLYH DQG QHJDWLYH VLJQV RI α LQGLFDWH WKH GLUHFWLRQ RI WKH
HVWLPDWHG WLSRYHU D[LV 7KH +α VKRZV WKH HVWLPDWHG WLSRYHU D[LV H[LVWV RQ WKH OHIW VLGH RI WKH RPQLGLUHFWLRQDO PRELOH
URERW 2Q WKH RWKHU KDQG WKH −α VKRZV WKH ULJKW VLGH GLUHFWLRQ
 ([SHULPHQWDO 5HVXOWV
7KH VLPXODWLRQV ZHUH SHUIRUPHG WR GHPRQVWUDWH DQG YHULI\ WKH HIIHFWLYHQHVV RI WKH G\QDPLFDO PRGHO DV ZHOO DV WKH
WLSSLQJ VWDELOLW\ SUHGLFWLRQ PHWKRG 7KHVH VLPXODWLRQV ZHUH FRQGXFWHG XQGHU WKH UHVROYHG YHORFLW\ FRQWURO >@ 7KH
VLPXODWLRQ WLPH LV 10 V DQG WKH VDPSOLQJ SHULRG LV 20 PV 7KH H[SHULPHQWV ZHUH FRQGXFWHG LQ WKUHH GLIIHUHQW FDVHV
ZLWK WKH VDPH LQSXW RI OLQHDU YHORFLW\ ,Q RUGHU WR HYDOXDWH WKH G\QDPLF HIIHFWV ERWK YHORFLW\ LQSXWV IRU HDFK FDVH ZHUH
VHW WR EH GLIIHUHQW LQ DFFHOHUDWLRQ DQG GHFHOHUDWLRQ EXW KDYH WKH VDPH PD[LPXP YHORFLW\ RI 0.6 PV−1 7KH SK\VLFDO
SDUDPHWHUV RI WKH RPQLGLUHFWLRQDO PRELOH URERW DUH OLVWHG LQ 7DEOH 
7DEOH  3K\VLFDO SDUDPHWHUV
d1 d2  >P@ r1 r2  >P@ s1 s2  >P@
sg1 sg2  >P@ s f1 s f2  >P@ I  >NJP2@
Ma  >NJ@ m1 m2  >NJ@ L1  >P@
L2  >P@ hs1 hs2  >P@ hm1 hm2  >P@
hMa  >P@
 7UDQVODWLRQDO PRWLRQ LQ ORQJLWXGLQDO GLUHFWLRQ
7KH EDVLF PRYHPHQW RI DQ\ PRELOH URERW LV WR SHUIRUP D VWUDLJKW WUDMHFWRU\ PRWLRQ LQ LWV ORQJLWXGLQDO GLUHFWLRQ ,Q
WKLV H[SHULPHQW WKH LQLWLDO SRVH RI WKH RPQLGLUHFWLRQDO PRELOH URERW ZDV VHW WR x = [0 0 0]T DQG WKH LQLWLDO RULHQWDWLRQ
RI HDFK GXDOZKHHO FDVWHU ZDV VHW WR 0 UDG 3UHVHQWHG LQ )LJ  LV WKH UHVXOW IRU WKLV VLPXODWLRQ )URP )LJ L LW LV
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IRXQG WKDW ERWK ORQJLWXGLQDO PRWLRQV DUH VWDEOH DQG WKHUH LV QR SRVVLELOLW\ RI WLSRYHU RFFXUUHQFH +RZHYHU WKH VHFRQG
PRWLRQ ZLWK D ORZHU DFFHOHUDWLRQ DQG GHFHOHUDWLRQ SRVHV EHWWHU VWDELOLW\ FRPSDUHG ZLWK WKH ILUVW PRWLRQ 7KH HVWLPDWHG
WLSRYHU GLUHFWLRQ LV PDLQWDLQHG WKURXJK WKH VLPXODWLRQ DW WKH DQJOH RI −1.5708 UDG RU HTXDO WR −90 GHJ ZKLFK LV WKH
ULJKW VLGH RI WKH RPQLGLUHFWLRQDO PRELOH URERW
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 7UDQVODWLRQDO PRWLRQ LQ VLGHZD\ GLUHFWLRQ
$ VSHFLDO IHDWXUH RI D KRORQRPLF RPQLGLUHFWLRQDO PRELOH URERW LV WKH FDSDELOLW\ WR PRYH WR WKH VLGHZD\ GLUHFWLRQ
ZLWKRXW FKDQJLQJ LWV RULHQWDWLRQ 7R HYDOXDWH WKLV SURSHUW\ DQG LWV VWDELOLW\ PHDVXUHPHQW WKH RPQLGLUHFWLRQDO PRELOH
URERW LV VHW WR PRYH WR LWV VLGHZD\ GLUHFWLRQ IURP DQ LQLWLDO SRVH RI x = [0 0 π2 ]
T DQG WKH LQLWLDO RULHQWDWLRQ RI ERWK
$':&V ZHUH VHW WR π2 UDG )LJ  VKRZV WKH UHVXOW IRU WKH VLGHZD\ PRWLRQ RI WKH RPQLGLUHFWLRQDO PRELOH URERW $V
UHIHUUHG WR )LJV D DQG E ERWK $':&V NHHS FKDQJLQJ WKHLU GLUHFWLRQ IURP π2 UDG WR  UDG LQ WKH ILUVW 2 P 7KH
HIIHFWV RI WKLV FKDQJH FDQ EH VHHQ IURP WKH )$60 YDOXH DV VKRZQ LQ )LJ L IRU WKH ILUVW 4 V ,W LV FOHDU WKDW WKLV UDSLG
FKDQJH GLG QRW FDXVH DQ\ WLSRYHU RFFXUUHQFHV ,Q WKH VHFRQG VWDJH RI FRQVWDQW YHORFLW\ ERWK PRWLRQV DUH LQ D VWDEOH
FRQGLWLRQ +RZHYHU WKH VWDELOLW\ YDOXH GHFUHDVHG LQ WKH ILQDO VWDJH ZKHQ WKH PRELOH URERW EHJLQV WR GHFHOHUDWH 7KLV
GHFHOHUDWLRQ RU EUDNLQJ SRVVLEO\ OHDGV WKH RPQLGLUHFWLRQDO PRELOH URERW LQ PRWLRQ  WR WLSRYHU DV WKH )$60  EHFRPHV
]HUR 7KH HVWLPDWHG GLUHFWLRQ RI WKLV WLSRYHU LQFLGHQW PD\ RFFXU RQ WKH OHIW VLGH RI WKH RPQLGLUHFWLRQDO PRELOH URERW
DV VKRZQ LQ )LJ M
 7UDQVODWLRQDO DQG URWDWLRQDO PRWLRQ
$QRWKHU IHDWXUH RI WKH KRORQRPLF RPQLGLUHFWLRQDO PRELOH URERW LV WKH FDSDELOLW\ WR URWDWH ZKLOH SHUIRUPLQJ DQ\
WUDQVODWLRQDO PRWLRQ 7R DQDO\]H WKH VWDELOLW\ ZLWK WKLV SURSHUW\ WKH RPQLGLUHFWLRQDO PRELOH URERW LV VHW WR PRYH WR
LWV ORQJLWXGLQDO GLUHFWLRQ ZKLOH SHUIRUPLQJ URWDWLRQ 7KH LQLWLDO SRVH RI WKH RPQLGLUHFWLRQDO PRELOH URERW ZDV VHW WR
x = [0 0 0]T DQG WKH LQLWLDO RULHQWDWLRQ RI ERWK $':&V ZHUH VHW WR  UDG 7KH DGGLWLRQDO DQJXODU YHORFLW\ ZDV VHW WR π20
UDGV−1 )LJ  VKRZV WKH UHVXOW RI WKLV VLPXODWLRQ $V VKRZQ LQ )LJV D DQG E WKH RPQLGLUHFWLRQDO PRELOH URERW
DQG WKH $':&V ZHUH REVHUYHG WR FKDQJH UDSLGO\ WKHLU RULHQWDWLRQ DORQJ WKH WUDMHFWRU\ ,Q D ORZHU DFFHOHUDWLRQ HIIHFW
WKLV FKDQJH GLG QRW FDXVH WKH RPQLGLUHFWLRQDO PRELOH URERW WR WLSRYHU DV VKRZQ LQ )LJ L +RZHYHU LQ WKH H[LVWHQFH
RI VXGGHQ EUDNLQJ DQG WKH ILQDO SRVH DV REVHUYHG LQ )LJ D RU E WKH RPQLGLUHFWLRQDO PRELOH URERW LV HVWLPDWHG WR
WLSRYHU RQ WKH OHIW VLGH 7KLV LQFLGHQW LV LGHQWLFDO WR WKH WLSRYHU LQFLGHQW WKDW LV REVHUYHG LQ SUHYLRXV FDVH
 &RQFOXVLRQ
,Q WKLV SDSHU ZH KDYH GHULYHG WKH G\QDPLFDO PRGHO RI WKH RPQLGLUHFWLRQDO PRELOH URERW ZLWK DFWLYH GXDOZKHHO
FDVWHU DVVHPEOLHV IRU D VL[ZKHHOHG DUFKLWHFWXUH :LWK WKLV PRGHO ZH VXFFHVVIXOO\ IRXQG WKH UHODWLRQVKLS EHWZHHQ
WKH G\QDPLF HIIHFWV DQG WKH VXSSRUWLQJ UHDFWLRQ IRUFHV RI WKH ZKHHOV 7KH FRPELQDWLRQ RI WKLV G\QDPLFDO PRGHO DQG
WKH )$60 ZDV XVHG WR SUHGLFW WKH WLSRYHU RFFXUUHQFH RI WKH RPQLGLUHFWLRQDO PRELOH URERW 7KH HIIHFWLYHQHVV RI WKLV
SUHGLFWLRQ PHWKRG ZDV YHULILHG WKURXJK VRPH VLPXODWLRQV DV SUHVHQWHG
5HIHUHQFHV
>@ .HQ 6+  0RVKFKXN 1 1DUGL ) 5\X - 9HKLFOH UROORYHU DYRLGDQFH ,((( &RQWURO 6\VWHP 0DJD]LQH  S −
>@ 0HVVXUL '$ .OHLQ &$ $XWRPDWLF ERG\ UHJXODWLRQ IRU PDLQWDLQLQJ VWDELOLW\ RI OHJJHG YHKLFOHV GXULQJ URXJKWHUUDLQ ORFRPRWLRQ ,((( -RXUQDO
RI 5RERWLFV DQG $XWRPDWLRQ  −
>@ +XDQJ 4 6XJDQR 6 .DWR , 6WDELOLW\ FRQWURO IRU D PRELOH PDQLSXODWRU XVLQJ D SRWHQWLDO PHWKRG 3URFHHGLQJ RI ,(((56- ,QW &RQI RQ
,QWHOOLJHQW 5RERWV DQG 6\VWHPV ,526  S −
>@ +LURVH 6 7VXNDJRVKL + <RQHGD . 1RUPDOL]HG HQHUJ\ VWDELOLW\ PDUJLQ DQG LWV FRQWRXU RI ZDONLQJ YHKLFOHV RQ URXJK WHUUDLQ 3URFHHGLQJ RI
,((( ,QW &RQIHUHQFH RI 5RERWLFV DQG $XWRPDWLRQ  −
>@ 3DSDGRSRXORV (* 5H\ '$ 7KH IRUFHDQJOH PHDVXUH RI WLSRYHU VWDELOLW\ PDUJLQ IRU PRELOH PDQLSXODWRUV -RXUQDO RI 9HKLFOH 6\VWHP '\QDPLFV
 −
>@ <DPDGD 7 :DWDQDEH . .LJXFKL . ,]XPL . '\QDPLF PRGHO DQG FRQWURO IRU D KRORQRPLF RPQLGLUHFWLRQDO PRELOH URERW -RXUQDO RI $X
WRQRPRXV 5RERWV  −
>@ 6DIDU 0-$ :DWDQDEH . 0DH\DPD 6 1DJDL , $ 6WXG\ RI WLSSLQJ VWDELOLW\ IRU RPQLGLUHFWLRQDO PRELOH URERW ZLWK DFWLYH GXDOZKHHO FDVWHU
DVVHPEOLHV 3URFHHGLQJ RI 7KH 6HYHQWHHQWK ,QWHUQDWLRQDO 6\PSRVLXP RQ $UWLILFLDO /LIH DQG 5RERWLFV  S −
>@ +DQ ) <DPDGD 7 :DWDQDEH . .LJXFKL . ,]XPL . &RQVWUXFWLRQ RI DQ RPQLGLUHFWLRQDO PRELOH URERW SODWIRUP EDVHG RQ DFWLYH GXDOZKHHO
FDVWHU PHFKDQLVPV DQG GHYHORSPHQW RI D FRQWURO VLPXODWRU -RXUQDO RI ,QWHOOLJHQW DQG 5RERWLF 6\VWHPV  −
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